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ON VARIETIES OF MAXIMAL ALBANESE
DIMENSION
ZHI JIANG
A smooth projective complex variety X has maximal Albanese di-
mension if its Albanese map X → Alb(X) is generically finite onto
its image. These varieties have recently attracted a lot of attention
and have been shown to have very special geometric properties ([CH1],
[CH2], [CH3], [F], [HP], [P], [PP1]).
Assume for example that f : X → Y is a surjective morphism be-
tween smooth projective varieties of the same dimension. For each
positive integer m, denote by Pm(X) := h
0(X,ω⊗mX ) the m-th pluri-
genus of X . We have Pm(X) ≥ Pm(Y ), but it is in general difficult to
conclude anything on f if there is equality. However, when Y (hence
also X) is of general type and has maximal Albanese dimension, Hacon
and Pardini proved in [HP], Theorem 3.2, that if Pm(X) = Pm(Y ) for
some m ≥ 2, then f is birational. We give in §3 examples that show
that this conclusion does not hold in general.
More generally, if X → I(X) and Y → I(Y ) are the respective Iitaka
fibrations of X and Y , we may assume, taking appropriate birational
models, that f induces a morphism I(f) : I(X)→ I(Y ). When Y has
maximal Albanese dimension, but is not necessarily of general type,
Hacon and Pardini proved that if Pm(X) = Pm(Y ) for some m ≥ 2,
then I(f) has connected fibers (since I(Y ) is birational to Y when Y
is of general type, this implies the result quoted above).
But in their proof, Hacon and Pardini actually do not use the as-
sumption that Y has maximal Albanese dimension; all they need is that
Pm(X) = Pm(Y ) > 0 and I(Y ) has maximal Albanese dimension (see
section 1). However, under their assumption, we prove here a much
stronger conclusion.
Theorem 1 Let f : X → Y be a surjective morphism between smooth
complex projective varieties of the same dimension. If Y has maximal
Albanese dimension and Pm(X) = Pm(Y ) for some m ≥ 2, the induced
map I(f) : I(X) 99K I(Y ) between the respective Iitaka models of X
and Y is birational.
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Moreover, f is birationally equivalent to a quotient by a finite abelian
group.
For more details on the last statement, we refer to Theorem 2.1.
In another direction, it was shown by Chen and Hacon ([CH1], The-
orem 4) that if X is a smooth projective variety of maximal Albanese
dimension, the image of the 6-canonical map φ6KX has dimension the
Kodaira dimension κ(X). If X is moreover of general type, φ6KX is
birational onto its image ([CH3], Corollary 4.3). We prove a common
generalization of these results (Theorem 4.1):
Theorem 2 If X is a smooth complex projective variety with maximal
Albanese dimension, φ5KX is a model of the Iitaka fibration of X.
The proof follows the ideas of [PP2] and is based on a result from
[J]. We also prove that φ3KX is already a model of the Iitaka fibration
of X under a stronger assumption on X (Theorem 4.3).
The article is organized as follows. The first section is devoted to
the proof of the birationality of I(f). In the second section, we give
a complete structure theorem for f (Theorem 2.1) which shows that
the situation is quite restricted. In the third section, we present three
examples showing that the conclusion of the above theorem can fail
when the varieties do not have maximal Albanese dimension, and in
the last section, we prove our results on pluricanonical maps of varieties
of maximal Albanese dimension.
We work over the field of complex numbers.
1. Proof that I(f) is birational
We begin with a general lemma (we refer to [L], §11, for the defini-
tion and properties of the asymptotic multiplier ideal sheaf J (||D||)
associated with a divisor D on a smooth projective variety).
Lemma 1.1. Let f : X → Y be a surjective morphism between smooth
projective varieties of the same dimension with κ(Y ) ≥ 0. For any
m ≥ 2,
f∗(OX(mKX)⊗J (||(m− 1)KX ||)) ⊃ OY (mKY )⊗J (||(m− 1)KY ||).
Proof. Take N > 0 and let τY : Y
′ → Y be a log-resolution such that
τ ∗Y |N(m− 1)KY | = |L1|+ E1,
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where |L1| is base-point-free and E1 is the fixed divisor. Then we take a
log-resolution τX : X
′ → X such that we have a commutative diagram:
X ′
f ′
−−−→ Y ′
τX
y τYy
X
f
−−−→ Y
and τ ∗X |N(m−1)KX | = |L2|+E2 where |L2| is base-point-free and E2 is
the fixed divisor. Let D ∈ |(m− 1)KX/Y |. Then f
′∗E1 +Nτ
∗
XD  E2.
Hence
OX′(KX′/X +mτ
∗
XKX −
⌊ 1
N
E2
⌋
)
⊃ OX′(KX′/X +mτ
∗
XKX − τ
∗
XD −
⌊ 1
N
f ′
∗
E1
⌋
)
= OX′(KX′/X + τ
∗
XKX + (m− 1)τ
∗
Xf
∗KY −
⌊ 1
N
f ′
∗
E1
⌋
)
= OX′
(
KX′/Y ′ −
⌊ 1
N
f ′
∗
E1
⌋
+ f ′
∗
⌊ 1
N
E1
⌋
+ f ′
∗
(KY ′/Y +mτ
∗
YKY −
⌊ 1
N
E1
⌋
)
)
.
We may assume that N is sufficiently large and divisible. Then
τX∗
(
OX′(KX′/X+mτ
∗
XKX−
⌊ 1
N
E2
⌋
)
)
= OX(mKX)⊗J (||(m−1)KX ||).
By step 2 in the proof of [HP], Theorem 3.2, we know that KX′/Y ′ −⌊
1
N
f ′∗E1
⌋
+ f ′∗
⌊
1
N
E1
⌋
is an effective divisor, hence
τY ∗f
′
∗
(
OX′
(
KX′/Y ′ −
⌊ 1
N
f ′
∗
E1
⌋
+ f ′
∗
⌊ 1
N
E1
⌋
+ f ′
∗
(KY ′/Y +mτ
∗
YKY −
⌊ 1
N
E1
⌋
)
))
⊇ τY ∗
(
OY ′(KY ′/Y +mτ
∗
YKY −
⌊ 1
N
E1
⌋
)
)
= OY (mKY )⊗J (||(m− 1)KY ||).
This proves the lemma. 
We now prove the first part of Theorem 1, stated in the introduction.
We start from a surjective morphism f : X → Y between smooth
projective varieties of the same dimension.
Changing the notation from the introduction, we let V and W be
the respective Iitaka models of X and Y , and we may assume, taking
appropriate birational models, that we have a commutative diagram of
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morphisms
(1) X
f
//
hX

Y
hY

aY
// A
pi

V
g
// W
aW
// A/K
where hX and hY are the respective Iitaka fibrations of X and Y , aY
and aW are the respective Albanese morphisms of Y and W , and K is
an abelian subvariety of A := Alb(Y ) (see [HP], §2.1). We set
HX := hX∗(OX(mKX)⊗J (||(m− 1)KX ||)) FX := aW∗g∗HX
HY := hY ∗(OY (mKY )⊗J (||(m− 1)KY ||)) FY := aW∗HY .
When m ≥ 2, we have FY ⊂ FX by Lemma 1.1 and we denote by Q
the quotient sheaf FX/FY on A/K.
Assume now Pm(X) = Pm(Y ) = M > 0. By Theorem 11.1.8 and
Proposition 11.2.10 in [L], we have
Pm(Y ) = h
0(Y,OY (mKY )⊗J (||mKY ||))
= h0(Y,OY (mKY )⊗J (||(m− 1)KY ||))
= h0(W,HY )
= h0(A/K,FY ).
Similarly,
Pm(X) = h
0(V,HX) = h
0(A/K,FX).
Thus HY ⊂ hY ∗(OY (mKY )) is a nonzero torsion-free sheaf. Since hY is
a model of the Iitaka fibration of Y whose general fibers are birationally
isomorphic to abelian varieties ([HP], Proposition 2.1), the latter sheaf
has rank 1. So the rank of HY is also 1. We have the same situation
for hX , hence the rank of HX is again 1. On the other hand, we claim
the following.
Claim: Q = 0, hence FY = FX .
In order to prove the Claim, we want to apply Proposition 2.3 in [HP].
Namely, it is enough to prove hj(A/K,FY ⊗ P ) = h
j(A/K,FX ⊗ P )
for all j ≥ 0 and all P ∈ Pic0(A/K). We will first prove that when
j ≥ 1. By Lemma 2.1 in [J], we have
(2) H i(W,HY ⊗ a
∗
WP ) = H
i(W, g∗HX ⊗ a
∗
WP ) = 0,
for all P ∈ Pic0(A/K) and all i ≥ 1. We now prove
(3) RjaW∗HY = R
jaW∗(g∗HX) = 0,
for all j ≥ 1, as follows.
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First we take a very ample line bundle H on A/K such that, for all
k ≥ 1 and j ≥ 0,
(4) Hk(A/K,RjaW∗FY ⊗H) = H
k(A/K,RjaW∗(g∗FX)⊗H) = 0
and RjaW∗FY ⊗ H and RjaW∗(g∗FX) ⊗ H are globally generated.
Again by Lemma 2.1 in [J],
Hj(W,HY ⊗ a
∗
WH) = H
j(W, g∗HX ⊗ a
∗
WH) = 0,
for all j ≥ 1. Therefore, by Leray’s spectral sequence and (4), we
conclude that
H0(A/K,RjaW∗HY ⊗H) = H
0(A/K,RjaW∗(g∗HX)⊗H) = 0
for j ≥ 1. Since RjaW∗HY ⊗ H and R
jaW∗(g∗HX) ⊗ H are globally
generated, we deduce that RjaW∗HY = RjaW∗(g∗HX) = 0, for all
j ≥ 1.
Applying the Leray spectral sequence to (2), we get, by (3), for all
i ≥ 1 and P ∈ Pic0(A/K),
H i(A/K,FY ⊗ P ) = H
i(W,HY ⊗ g
∗P ) = 0,
and
H i(A/K,FX ⊗ P ) = H
i(W, g∗HX ⊗ g
∗P ) = 0.
Finally, for all P ∈ Pic0(A/K),
h0(A/K,FY ⊗ P ) = χ(A/K,FY ⊗ P ) = χ(A/K,FY )
= h0(A/K,FY ) = M,
and similarly,
h0(A/K,FX ⊗ P ) = h
0(A/K,FX) =M.
We have finished the proof of the Claim.
Assume moreover that W has maximal Albanese dimension, so that
aW is generically finite onto its image Z, the rank of HY is 1, and the
rank of FX = FY = aW∗HY on Z is deg(aW ). Consider the Stein
factorization
g : V
p
−→ U
q
−→ W,
where p is an algebraic fiber space and q is surjective and finite. Because
h0(U, p∗HX) = h0(V,HX) = M > 0, the nonzero torsion-free sheaf
p∗HX has rank ≥ 1. We can write
FX = aW∗g∗HX = aW∗q∗(p∗HX)
and conclude that the rank of FX on Z is ≥ deg(q) · deg(aW ). This
implies deg(q) = 1 hence g has connected fibers. Essentially, this is
Hacon and Pardini’s proof of [HP], Theorem 3.2.
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Assume finally that Y has maximal Albanese dimension. We just
saw that g ◦ hX is an algebraic fiber space and we denote by Xw a
general fiber. The main ingredient is the following lemma.
Lemma 1.2. In the above situation, the sheaf
g∗HX = (g ◦ hX)∗(OX(mKX)⊗J (||(m− 1)KX ||))
has rank Pm(Xw) > 0.
This lemma will be proved later. We first use it to finish the proof
of the first part of Theorem 1.
Assume that g is not birational. Since it is an algebraic fiber space,
we have dim(W ) < dim(V ). Hence by the easy addition formula ([M],
Corollary 1.7), we have dim(V ) = κ(X) ≤ κ(Xw) + dim(W ), hence
κ(Xw) ≥ 1. Since X is of maximal Albanese dimension, Xw is also of
maximal Albanese dimension, hence Pm(Xw) ≥ 2 by Chen and Hacon’s
characterization of abelian varieties ([CH4], Theorem 3.2). Then, by
Lemma 1.2, the rank of HX on Z is deg(aW ) · Pm(Xw) (≥ 2 deg(aW )),
which is a contradiction. This concludes the proof.
In order to prove Lemma 1.2, we begin with an easy lemma.
Lemma 1.3. Let X be a smooth projective variety, let D1 be a divisor
on X with nonnegative Iitaka dimension, and let D2 be an effective
divisor on X. We have an inclusion
J (||D1 +D2||) ⊃ J (||D1||)⊗ OX(−D2).
Proof. Take N > 0 such that |ND1| 6= ∅. Choose a log-resolution
µ : X ′ → X
for ND1, ND2, and N(D1 +D2). Write
µ∗(|ND1|) = |W1|+ E1
µ∗(|ND2|) = |W2|+ E2
µ∗(|N(D1 +D2)|) = |W3|+ E3,
where E1, E2, and E3 are the fixed divisors and |W1|, |W2|, and |W3|
are free linear series. We have
Nµ∗D2  E2 and E1 + E2  E3,
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hence
µ∗(KX′/X −
⌊ 1
N
E3
⌋
) ⊃ µ∗(KX′/X −
⌊ 1
N
(E1 + E2)
⌋
)
⊃ µ∗(KX′/X −
⌊ 1
N
(E1 +Nµ
∗D2)
⌋
)
= µ∗(KX′/X −
⌊ 1
N
E1
⌋
)⊗ OX(−D2).
By the definition of asymptotic multiplier ideal sheaves, this proves
Lemma 1.3. 
Proof of Lemma 1.2. We will reduce Lemma 1.2 to Proposition 3.6 in
[J]. Since Y is of maximal Albanese dimension and hY is a model of
the Iitaka fibration of Y , by a theorem of Kawamata (see also Theorem
3.2 in [J]), there exists an e´tale cover πY : Y˜ → Y induced by an e´tale
cover of A and a commutative diagram:
Y˜
piY
//
h
Y˜




Y
hY

Ŵ
b
Ŵ
// W,
where Ŵ is a smooth projective variety of general type, the rational
map hY˜ is a model of the Iitaka fibration of Y˜ , and bŴ is generically
finite and surjective.
Let X˜ be a connected component of X ×Y Y˜ , denote by πX˜ the
induced morphism X˜ → X , and denote by fX˜ the induced morphism
X˜ → Y˜ . Denote by k and kX˜ respectively the morphism g◦hX = hY ◦f
and the map hY˜ ◦ fX˜ . After birational modifications of X˜ , we may
suppose that kX˜ is a morphism such that kX˜(E) is a proper subvariety
of Ŵ , where E is the πX˜ -exceptional divisor. All in all, we have the
commutative diagram:
X˜
pi
X˜
//
f
X˜

k
X˜

X
f

k

Y˜
piY
//
h
Y˜





Y
hY

Ŵ
b
Ŵ
// W.
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We then take the Stein factorization:
kX˜ : X˜
k1−→W1
bW1−−→ Ŵ .
The important point is that W1 is still of general type. Again by
taking birational modifications of X˜ and W1, we may assume that
k1 : X˜ → W1 is an algebraic fiber space between smooth projective
varieties. We can apply Proposition 3.6 in [J] to the following diagram:
X˜
pi
X˜
//
k1

X
k

W1 b
Ŵ
◦bW1
// W.
It follows that the sheaf
k∗(OX(mKX)⊗J (||(m− 1)KX/W + k
∗KW ||))⊗OW (−(m− 2)KW )
has rank Pm(Xw). By Lemma 3.4 in [J], the line bundle (m−1)KX/W +
k∗KW has nonnegative Iitaka dimension. By Lemma 1.3,
J (||(m−1)KX ||) ⊃ J (||(m−1)KX/W+k
∗KW ||)⊗OX(−(m−2)k
∗KW ).
Therefore,
k∗
(
OX(mKX)
)
⊃ k∗
(
OX(mKX)⊗J (||(m− 1)KX ||)
)
⊃ k∗
(
OX(mKX)⊗J (||(m− 1)KX/W + k
∗KW ||)
)
⊗OW
(
− (m− 2)KW
)
.
Since the rank of the first and the third sheaves are both Pm(Xw), so
is the rank of the second. 
2. A complete description of f : X → Y
By using Kawamata’s Theorem 13 in [K] (see also Theorem 3.2 in
[J]), we obtain the following complete description of f .
Theorem 2.1. Let f : X → Y be a surjective morphism of smooth
projective varieties of the same dimension, with Y of maximal Albanese
dimension.
If Pm(X) = Pm(Y ) for some m ≥ 2, there exist
• a normal projective variety VX of general type,
• an abelian variety AX ,
• a finite abelian group G which acts faithfully on VX and on AX
by translations,
• a subgroup G2 of G,
such that
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• X is birational to (AX × VX)/G, where G acts diagonally on
AX × VX ,
• Y is birational to (AY × VY )/G1, where
⋆ VY = VX/G2 and AY = AX/G2,
⋆ G1 := G/G2 acts diagonally on AY × VY ,
• f is birational to the quotient morphism (AX×VX)/G→ (AY ×
VY )/G1.
Proof. In the diagram (1), we already know that g : V → W is bira-
tional so we may assume that V = W and g is the identity. We then
consider the diagram:
(5) X
f
//
hX

Y
aY
//
hY

A

V V
aV
// A/K.
Taking the Stein factorizations for f and aY , we may assume that X
and Y are normal and f and aY are finite. Similarly we take the Stein
factorization for Y
aY−→ A → A/K and may assume that V is normal
and aV is finite.
By Poincare´ reducibility, there exists an isogeny B → A/K such
that A×A/K B ≃ K × B. We denote by H the kernel of this isogeny.
Apply the e´tale base change B → A/K to diagram (5) and get
(6) X
f
//
h
X

Y
a
Y
//
h
Y

K ×B

V V
a
V
// B,
where
• V = V ×A/K B and Y = Y ×V V (which are connected because
aY and aV are the Albanese maps),
• X = X ×Y Y (which is also connected because X = X ×Y Y =
X ×Y (Y ×V V ) = X ×V V ),
• hX : X → V is an algebraic fiber space.
Let AX and AY be the respective general fibers of hX and hY . We have
the following induced diagram from (6):
AX
β
//
αX
((
AY αY
// K
By Proposition 2.1 in [HP], AX and AY are birational to abelian va-
rieties. Hence the morphisms αX and αY are birationally equivalent
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to e´tale covers. Since aY and αY ◦ f are finite, αX and αY are also fi-
nite. Thus αX and αY are isogenies of abelian varieties by Zariski’s
Main Theorem. We denote by G˜, G˜1, and G˜2 the abelian groups
Ker(AX → K), Ker(AY → K), and Ker(AX → AY ) respectively.
Then G˜1 = G˜/G˜2 and AY = AX/G˜2. Let k ∈ K be a general point, let
VY be the normal variety a
−1
Y
(k×B), and let VX be the normal variety
f
−1
a−1
Y
(k × B).
We know that AX and AY respectively act on X and Y in such a way
that f is equivariant for the AX-action on X and the AY -action on Y .
Furthermore, the actions induce a faithfulG-action on VX and a faithful
G˜1-action on VY , and we have an AX-equivariant isomorphism X ≃
(AX×VX)/G˜ and an AY -equivariant isomorphism Y ≃ (AY ×VY )/G˜1,
where G˜ acts on AX×VX diagonally and G˜1 acts on AY ×VY diagonally.
The induced morphism
VX
f |VX
//
h
X

VY
h
Y

V V
is equivariant for the G˜-action on VX and the G˜1-action on VY . Thus
VY = VX/G˜2 and f |VX is the quotient morphism.
Thus we obtain AY = AX/G˜2 and VY = VX/G˜2, and f : X → Y is
the quotient morphism (AX × VX)/G˜→ (AY × VY )/G˜1, so
f : X = (AX × VX)/G˜→ Y = (AY × VY )/G˜1
is also the quotient morphism.
Let G = Ker(AX × B → A) and G1 = Ker(AY × B → A). We have
exact sequences of groups
1→ G˜→ G→ H → 1 and 1→ G˜1 → G1 → H→ 1.
Then X = (AX×VX)/G and Y = (AY ×VY )/G1, and f is the quotient
map. This proves Theorem 2.1 with G2 = G˜2 ⊂ G.

3. Examples
In the next two examples, we see that the conclusion of our theorem
does not hold in general, even for surfaces of general type.
Example 3.1. Let C1 and C2 be smooth projective curves of genus
2 with respective hyperelliptic involutions i1 and i2. Define Y to be
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the minimal resolution of singularities of (C1 × C2)/(i1, i2). Let X
be the blow-up of C1 × C2 at the 36 fixed points of (i1, i2). There
is a 2-to-1 morphism f : X → Y . We have K2Y =
1
2
K2C×C = 4 and
c2(Y ) =
1
2
(c2(C1 × C2)− 36) + 72 = 56. Since Y is a minimal surface,
we have P2(Y ) = K
2
Y +
1
12
(K2Y + c2(Y )) = 9. We also have P2(X) =
P2(C1 × C2) = 3 × 3 = 9. Hence we have a nonbirational morphism
f : X → Y between smooth projective surfaces of general type with
q(Y ) = 0 (so that Y does not have maximal Albanese dimension!) and
P2(X) = P2(Y ) = 9.
Remark 3.2. It turns out that the situation in the case of surfaces of
general type can be completely worked out. More precisely, one can
show that if f : S → T is a nonbirational morphism between smooth
projective surfaces of general type such that Pm(S) = Pm(T ) for some
m ≥ 2, then m = 2 and one of the following occurs:
1) either S is birational to the product of two smooth projective
curves of genus 2, and f is birationally equivalent to the quo-
tient by the diagonal hyperelliptic involution (see Example 3.1
above);
2) or S is birational to the theta divisor of the Jacobian of a smooth
projective curve of genus 3 and f is birationally equivalent to
the bicanonical map of S;
3) S is birational to a double cover of a principally polarized
abelian surface branched along a divisor in |2Θ| having at most
double points and f is birationally equivalent to the bicanonical
map of S.
In higher dimensions, we have many more examples.
Example 3.3. (Compare with [Ko1], Proposition 8.6.1) We denote
by P(as00 , . . . , a
sk
k ) the weighted projective space with sj coordinates of
weight ai (see [D]). For any integer k ≥ 3, denote by PX the weighted
projective space P(1, (2k)4k+5, (2k + 1)4k−3) with coordinates xi and
by PY the weighted projective space P(2, (2k)
4k+5, (2k + 1)4k−3) with
coordinates yi. As in the proof of Proposition 8.6.1 in [Ko1], one can
check that PX and PY both have canonical singularities. There is a
natural degree-2 morphism ε : PX → PY defined by y0 = x
2
0 and
yi = xi for i ≥ 1.
Let Y ′ be a general hypersurface of weighted degree d = 16k2 + 8k
in PY and let X
′ be the pull-back by ε of Y ′. Since 2k(2k + 1)|d and
Y ′ is general, X ′ is also general and both X ′ and Y ′ have canonical
singularities. Take resolutions X → X ′ and Y → Y ′ such that ε
induces a degree-2 morphism f : X → Y . The canonical sheaves are
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ωX′ = OX′(2) and ωY ′ = OY ′(1). Since both X ′ and Y ′ have canonical
singularities, we have, for any integer m ≥ 0,
Pm(X) = h
0(X ′,OX′(2m)) and Pm(Y ) = h
0(Y ′,OY ′(m)).
It follows from Theorem in 1.4.1 in [D] that for m even and < 2k, we
have Pm(X) = Pm(Y ) = 1. By Theorem 4.2.2 and Corollary 2.3.6 in
[D], q(X) = q(Y ) = 0.
Under the assumptions of our theorem, one might expect that f :
X → Y be birational to an e´tale morphism. However the example
below (see also Example 1 in [CH5]) shows that this is not the case in
general.
Example 3.4. Let G = Zrs and let G2 = sZrs be the subgroup of G
generated by s, with s ≥ 2 and r ≥ 2. Let G1 = G/G2 ≃ Zs. Consider
an elliptic curve E, let B1 and B2 be two points on E, and let L be a
line bundle of degree 1 such that B = (rs− a)B1 + aB2 ∈ |tmL| with
1 ≤ a ≤ m−2 and (a, rs) = 1. Taking the normalization of the (rs)-th
root of B, we get a smooth curve C and a Galois cover π : C → E with
Galois group G. By construction, π ramifies at two points, B1 and B2.
Following [B] §VI.12, we have h0(C, ω2C)
G = 2.
Let L(i) be Li(−⌊ iB
rs
⌋) and denote (L(i))−1 by L−(i). Then, by Propo-
sition 9.8 in [Ko2],
π∗OC =
rs−1⊕
i=0
L−(i).
Let C1 be the curve
Spec(
s−1⊕
i=0
L−(ri)),
where
⊕s−1
i=0 L
−(ri) has the subalgebra structure of π∗OC. Consider the
Stein factorization
π : C
g
−→ C1
pi1−→ E.
Then C1 = C/G2 and π1 is a Galois cover with Galois group G1 which
also ramifies only at B1 and B2. Hence we again have
h0(C1, ω
2
C1
)G1 = 2.
Finally we take an abelian variety K such that G acts freely on K
by translations and set K1 = K/G2. Let
X˜ = C ×K , Y˜ = C1 ×K
and
X = X˜/G = (C ×K)/G , Y = Y˜ /G = (C1 ×K1)/G1,
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where G and G1 act diagonally. Hence X˜ and Y˜ are e´tale covers of
X and Y respectively. There is a natural finite dominant morphism
f : X → Y of degree r. Since its lift f˜ : X˜ → Y˜ is not e´tale, f is not
e´tale.
Since
H0(X,ω2X) ≃ H
0(X˜, ω2
X˜
)G ≃ H0(C, ω2C)
G
and
H0(Y, ω2Y ) ≃ H
0(Y˜ , ω2
Y˜
)G1 ≃ H0(C1, ω
2
C1)
G1,
we have
P2(X) = P2(Y ) = 2.
4. Pluricanonical maps of varieties of maximal Albanese
dimension
Let X be a smooth projective variety of maximal Albanese dimen-
sion. As mentioned in the introduction, Chen and Hacon proved in
[CH1] and [CH3] that φ6KX(X) has dimension κ(X); if X is moreover
of general type, φ6KX is birational onto its image. They also showed
that if χ(ωX) > 0, the map φ3KX is already birational onto its image.
Pareschi and Popa provided in [PP2], §6, a conceptual approach to
these theorems based on their regularity and vanishing theorems.
We prove a unifying statement for varieties with maximal Albanese
dimension which are not necessarily of general type. The proof is par-
allel to that of Pareschi and Popa.
In this section, we will always assume f : X → Y is a birational
model of the Iitaka fibration of X .
Theorem 4.1. If X is a smooth projective variety with maximal Al-
banese dimension, the linear system |OX(5KX) ⊗ f ∗P | induces the
Iitaka fibration. In particular, φ5KX is a model of the Iitaka fibration
of X.
Proof. We may as in (1) assume that we have a diagram
X
f

aX
// Alb(X)
f∗

Y
aY
// Alb(Y )
(7)
where f is the Iitaka fibration of X and aX and aY are the respective
Albanese morphisms of X and Y .
Since f is a model of the Iitaka fibration of X , f∗(ω
2
X ⊗J (||KX||))
is a torsion-free rank 1 sheaf on Y . We now use the following lemma
([J], Lemma 2.1):
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Lemma 4.2. Suppose that f : X → Y is a surjective morphism be-
tween smooth projective varieties, L is a Q-divisor on X, and the Iitaka
model of (X,L) dominates Y . Assume that D is a nef Q-divisor on Y
such that L+ f ∗D is a divisor on X. Then we have
H i(Y,Rjf∗(OX(KX + L+ f
∗D)⊗J (||L||)⊗Q)) = 0,
for all i ≥ 1, j ≥ 0, and all Q ∈ Pic0(X).
By Lemma 4.2, we have
H i(Y, f∗(OX(2KX)⊗J (||KX||)⊗Q)) = 0
for all i ≥ 1 andQ ∈ Pic0(X). As in Lemma 2.6 in [J], RjaY ∗(f∗(OX(2KX)⊗
J (||KX ||)⊗Q)) = 0 for all j ≥ 1. Hence
H i(Alb(Y ), aY ∗f∗(OX(2KX)⊗J (||KX||)⊗Q))
= H i(Y, f∗(OX(2KX)⊗J (||KX||)⊗Q))
= 0,
for all i ≥ 1 and Q ∈ Pic0(X). Thus for any Q ∈ V0(ωX) ⊂ Pic
0(X),
aY ∗f∗(OX(2KX)⊗J (||KX||)⊗Q) is a nonzero IT-sheaf of index 0 and
in particular, it isM-regular. By [PP2], Corollary 5.3, aY ∗f∗(OX(2KX)⊗
J (||KX ||)⊗Q) is continuously globally generated. Since aY is gener-
ically finite, the exceptional locus Z1 of aY is a proper closed subset
of Y . Then f∗(OX(2KX) ⊗ J (||KX ||) ⊗ Q) is continuously globally
generated away from Z1. By definition, this means that for any open
subset V ⊂ Pic0(Y ), the evaluation map⊕
P∈V
H0(Y, f∗(OX(2KX)⊗J (||KX||)⊗Q)⊗ P )⊗ P
−1
→ f∗(OX(2KX)⊗J (||KX ||)⊗Q)
is surjective away from Z1.
Now we claim that there exists an open dense subset U ⊂ Y − Z1
such that the sheaf
aY ∗(Iy ⊗ f∗(OX(3KX)⊗J (||2KX ||)))
is M-regular for any y ∈ U .
We first assume the claim and finish the proof of the theorem.
We conclude by the claim that Iy ⊗ f∗(OX(3KX)⊗J (||2KX ||)) is
continuously globally generated away from Z1. Denote respectively by
L and L1 the rank-1 torsion-free sheaves f∗(OX(2KX)⊗J (||KX||))
and f∗(OX(3KX) ⊗ J (||2KX||)). Let U1 be a dense open subset of
Y − Z1 such that L and L1 are locally free on U1. Then by [PP3],
Proposition 2.12, L1⊗L is very ample over U∩U1. We have L⊗L1 →֒
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f∗(OX(5KX)), thus f∗(OX(5KX)) is very ample on a dense open subset
of Y . This concludes the proof of the theorem.
For the claim, let
U ⊂ U1
⋂(
Y −
⋃
Ti
⋂
Q∈Ti
Bs(|f∗(ωX ⊗Q)|)
)
be any dense open subset of Y , where Ti runs through all the com-
ponents of V0(ωX) and Bs(|f∗(ωX ⊗ Q)|) denotes the locus where the
evaluation map
H0(Y, f∗(ωX ⊗Q))⊗ OY → f∗(ωX ⊗Q)
is not surjective. For each component Ti of V0(ωX), we may write
Ti = Pi + f
∗Si, where Si is a subtorus of Pic
0(Y ) and Pi ∈ Pic
0(X)
(see [GL]).
Again, by Lemma 4.2, we have
H i(Y,L1 ⊗Q) = 0
for all i ≥ 1 and any Q ∈ Pic0(Y ). For y ∈ U , consider the exact
sequence
0→ Iy ⊗L1 → L1 → Cy → 0.
We push forward this short sequence to Alb(Y ). Since y ∈ U , we have
0→ aY ∗(Iy ⊗L1)→ aY ∗L1 → CaY (y) → 0.
Hence H i(Y, aY ∗(Iy⊗L1)⊗Q) = 0 for any i ≥ 2 and Q ∈ Pic
0(Y ).
We now assume that aY ∗(Iy⊗L1) is notM-regular. Then by definition
of M-regularity, we have
codimPic0(Y ) V1(aY ∗(Iy ⊗L1)) ≤ 1.(8)
Hence y is a base-point of all sections in H0(Y,L1 ⊗ Ps), for all
s ∈ V1(aY ∗(Iy ⊗L1)).
On the other hand, by [J, Lemma 2.2],
dimH0(X,OX(3KX)⊗ f
∗P )
is constant for P ∈ Pic0(Y ). Then,
dimH0(Y,L1 ⊗ P ) = dimH
0(Y,L1) = dimH
0(X,OX(3KX))
= dimH0(X,OX(3KX)⊗ f
∗P ).
Hence the inclusion
H0(X,OX(3KX)⊗J (||2KX||)⊗ f
∗P ) →֒ H0(X,OX(3KX)⊗ f
∗P )
is an isomorphism. Therefore, y ∈ Bs(|f∗OX(3KX) ⊗ Ps|), for all s ∈
V1(aY ∗(Iy ⊗L1)).
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Since y ∈ Y −
⋃
Ti
⋂
Q∈Ti
Bs(|f∗(ωX ⊗ Q)|), let Vi ⊂ Si be a dense
open subset such that y /∈ Bs |f∗(ωX ⊗Q)|, for any Q ∈ Pi + f
∗Vi.
We may shrink U so that f∗(OX(KX)⊗Pi) and f∗(OX(2KX)⊗P
−1
i )
are locally free on U for all i. Moreover, we can require that, for each
i, the multiplication
f∗(OX(KX)⊗ Pi)⊗ f∗(OX(2KX)⊗ P
−1
i )→ f∗OX(3KX)
is an isomorphism on U , since both sheaves are of rank 1.
We then conclude that y is a base point of all sections of
H0(Y, f∗(OX(2KX)⊗ P
−1
i )⊗Q
′
)
where Q
′
∈ V1(aY ∗(Iy ⊗L1))− Vi.
We may further shrink U so that
f∗(OX(2KX)⊗J (||KX||)⊗ P
−1
i )|U = f∗(OX(2KX)⊗ P
−1
i )|U
is locally free for each i. Then y ∈ U belongs to
Bs |f∗(OX(2KX)⊗J (||KX ||)⊗ P
−1
i )⊗Q
′
|
for each Q
′
∈ V1(aY ∗(Iy ⊗L1))− Vi.
By [CH1], Theorem 1, the union of all the Si generates Pic
0(Y ).
Hence by (8), for some i, V1(aY ∗(Iy ⊗ L1)) − Vi contains an open
subset of Pic0(Y ) and this contradicts the fact that f∗(OX(2KX) ⊗
J (||KX ||)⊗P
−1
i ) is continuous globally generated away from Z1. This
concludes the proof of the claim. 
Our Theorem 4.1 is just an analog of Theorem 6.7 in [PP2]. The main
point is just that aY ∗f∗(OX(2KX)⊗J (||KX||)) is M-regular. On the
other hand, if X is of general type, of maximal Albanese dimension,
and if moreover aX(X) is not ruled by tori, Pareschi and Popa proved
that aX∗ωX is M-regular, which is the main ingredient of the proof of
Theorem 6.1 in [PP2]. If X is not of general type, aX(X) is always
ruled by tori of dimension n− κ(X). But we still have:
Theorem 4.3. If X is a smooth projective variety with maximal Al-
banese dimension n, and if its Albanese image aX(X) is not ruled by
tori of dimension > n − κ(X), the map φ3KX is a model of the Iitaka
fibration of X.
Proof. We just need to show that under our assumptions, and with the
notation of the proof of Theorem 4.1, aY ∗f∗(ωX) is M-regular. The
rest is the same as the proof of Theorem 4.1. By Kawamata’s theorem
[K, Theorem 13], we have the following commutative diagram:
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Ŷ × K˜
pr1

X˜
µ
oo
piX
//
f̂

X
aX
//
f

Alb(X)
f∗

Ŷ Ŷ
bY
// Y
aY
// Alb(Y ),
where πX is birationally equivalent to a finite e´tale cover of X induced
by isogeny of Alb(X), µ is a birational morphism, K˜ is an abelian
variety isogenous to ker f∗, Ŷ is a smooth projective variety of general
type, and bY is generically finite. We set gY = aY ◦ bY .
Since aX(X) is not ruled by tori of dimension > n− κ(X), we con-
clude that gY (Ŷ ) = aY (Y ) is not ruled by tori. We make the following:
Claim: gY ∗ωŶ is M-regular.
We first see how the Claim implies Theorem 4.3. Since K˜ is an
abelian variety, we have obviously pr1∗ωŶ×K˜ = ωŶ . Hence
gY ∗pr1∗ωŶ×K˜ = gY ∗pr1∗µ∗ωX˜ = aY ∗f∗πX∗ωX˜
isM-regular on Alb(Y ). On the other hand, ωX is a direct summand of
πX∗ωX˜ since πX is birationally equivalent to an e´tale cover. Therefore,
aY ∗f∗ωX is a direct summand of gY ∗pr1∗ωŶ×K˜ and hence is M-regular.
We now prove the Claim.
We first define the following subset of Pic0(Y ) for any i ≥ 0:
Vi(Ŷ ,Pic
0(Y )) := {P ∈ Pic0(Y ) : H i(Ŷ , ωŶ ⊗ g
∗
Y P ) 6= 0}.
Since the image of gY : Ŷ → Alb(Y ) is not ruled by tori, the same
argument in the last part of the proof of Theorem 3 in [EL] shows that
codimPic0(Y ) Vi(Ŷ ,Pic
0(Y )) > i for any i ≥ 1. On the other hand, by
Grauert-Riemenschneider vanishing, RigY ∗ωŶ = 0 for any i 6= 0. Thus
H i(Ŷ , ωŶ ⊗ g
∗
Y P ) ≃ H
i(Alb(Y ), gY ∗ωŶ ⊗ P ).
Hence we have Vi(gY ∗ωŶ ) = Vi(Ŷ ,Pic
0(Y )) as subset of Pic0(Y ). This
finishes the proof of the Claim. 
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